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DIFFERENTIABILITY OF THE METRIC PROJECTION
IN HILBERT SPACE
BY
SIMON FITZPATRICK AND R. R. PHELPS'

ABSTRACT. A study is made of differentiability of the metric projection P onto a
closed convex subset K of a Hilbert space H. When K has nonempty interior, the
Gateaux or Fréchet smoothness of its boundary can be related with some precision
to Gateaux or Fréchet differentiability properties of P. For instance, combining
results in §3 with earlier work of R. D. Holmes shows that K has a C? boundary if
and only if P is C' in H\K and its derivative P’ has a certain invertibility property
at each point. An example in §5 shows that if the C? condition is relaxed even
slightly then P can be nondifferentiable (Fréchet) in H\ K.

1. Introduction. Suppose that H is a real Hilbert space and that K is a nonempty
closed convex subset of H. For each x € H we let P,x (or simply Px) denote the
unique element of K which satisfies

llx — Px|l = inf{llx — yll: y € K}.

This well-known mapping, called either the nearest-point mapping or the metric
projection of H onto K, is easily seen to be nonexpansive, that is,

lPx — Pyll<llx—yll, x,y€H.

This Lipschitzian property guarantees, for instance, that P is Gateaux differentiable
“almost everywhere” when H is separable (see, for instance, [7] and references cited
therein), and several authors (Zarantonello, [10] Haraux [3] and Mignot [6]) have
shown the existence of directional derivatives for Py at the boundary of K, the latter
two having applied this fact to certain variational inequalities. In this paper we will
study both the Gateaux and Fréchet derivatives of Py, examining the question of
their existence and of their relationship to the local geometric structure of K. As
might be expected, there is a close connection between the existence of the Fréchet
derivative and the smoothness of the boundary of K; by theorem and counterexam-
ple we are able to delineate this connection rather precisely.

After writing the initial draft of this paper we became aware of Holmes’ work [4]
which anticipated one of our smoothness results: If K has a C¥*! boundary, then Py
is C¥in H\ K, and its Fréchet derivative has a certain invertibility property at each
point. We prove the converse to this result and, by means of a rather surprising

Received by the editors April 14, 1980.

1980 Mathematics Subject Classification. Primary 41AS50, 41A65, 46C05, 47TH99.

Key words and phrases. Gateaux derivative, Fréchet derivative, metric projection, nearest-point map,
convex body, Hilbert space, Minkowski functional, gauge functional.

'Research supported in part by a grant from the National Science Foundation.

©1982 American Mathematical Society
0002-9947 /81 /0000-1016 /$05.75

483



484 SIMON FITZPATRICK AND R. R. PHELPS

example, we show that there exists a set K with C?~ boundary such that Py is
nowhere Fréchet differentiable in H \ K. We also examine various questions concern-
ing the existence of the Gateaux or Fréchet derivative of Py at a single point, and we
characterize C' smoothness of the boundary of K in terms of a certain partial
differentiability property of Py.

For an extraordinarily thorough study of metric projections we direct the reader
to Zarantonello’s book-length paper [10]; much of what we have done was motivated
by his work.

The definition of Py is equivalent, of course, to the condition that for each x in H

llx — Pgxll < llx — yll  whenevery € K.
It is elementary [10] to show that this is in turn equivalent to
(1.1) (x — Pyx, Pyx —y)=0 foreachy € K.

The latter inequality (which will be referred to as the defining inequality for Py ) has a
simple geometric interpretation: The linear functional on H defined by the inner
product with the vector x — Pgx attains its maximum on K at the point Pgx.
Another way of looking at this is to define, for x € H\ K,

H[x]={y€H: (x — Pgx, y)=0},

the hyperplane orthogonal to the (nonzero) vector x — PxXx; one then notes that the
translate H[x] + Py x supports the convex set K at Pgx.

Let E, F be real Banach spaces, U a nonempty open subset of £ and f: U > F a
continuous function. We say that f is Gateaux differentiable at a point x € U if

i L0 10) — 1)

t—0 t

exists for each h € E and is linear and continuous in 4. This linear operator, when it
exists, is denoted by df(x). If the above limit exists uniformly for h in the unit ball of
E (and is linear and continuous in h) we say that f is Fréchet differentiable at x and
denote the corresponding linear operator by f'(x). These two definitions can be
restated in the following form:

The operator df( x) is characterized by f(x + th) = f(x) + tdf(x)h + o(t) (h € E)
where o(t)/|t|—> 0ast - 0.

The operator f'(x) is characterized by f(x + y) = f(x) + f'(x)y + o(y), where

o(y)/llyll - 0asy—0.

2. Basic properties of the derivatives of P,. When they exist, the bounded linear
operators dP(x) and P’(x) have some elementary operator-theoretic properties (such
as symmetry and positivity) which do not depend on K; this section will be devoted
to such results. Since dP(x) = P’(x) when the latter exists, our proofs can be
restricted to the Gateaux derivative. We will usually assume that x € H\ K; this is
no real loss in generality, since (as will be seen in §3) the derivative of Py exists for
points of K only in trivial cases.

2.1 PROPOSITION. The operators P'(x) and dP(x) have norm at most 1, and hence
I — P'(x) and I — dP(x) are positive operators, that is, (h — dP(x)h, h)= 0 for all
hin H.
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PrOOF. For ¢t # 0 and any h € H we have
IdP(x)hIl <|¢| (Il P(x + th) — Px|l + llo(¢)Il)
< Ilhll + [¢]~ o),

the latter inequality holding because P is nonexpansive, so dP(x) clearly has norm at
most 1. To see the positivity assertion, note that for any 4 in H,

(h,dP(x)h)< k]l - |dP(x)hIl < lKI2= (h, h),
s00 < (h, h — dP(x)h).
The first assertion in the next result is implicit in Asplund’s work [1] and

essentially the same result has been proved by Zarantonello [11] and Holmes [4]. For
the sake of completeness we sketch a proof.

2.2 PROPOSITION. The metric projection P onto the closed convex set K is the Fréchet
derivative of the (convex) function
f(x) = lIxl2 = 3lx — Pxll2, x€H.
Consequently, when P'(x) (or dP(x)) exists it is the second derivative of f, hence is a
positive and symmetric operator; that is, we always have (u, dP(x)u)= 0 and

(u,dP(x)v)= (dP(x)u,v) (u,v € H).

PrOOF. It suffices to show that for fixed x and any & € H, we have
f(x +h) = f(x) = (Px, k)= o(h).

First, since Il(x + ) — P(x + h)ll <|Ix + h — Px|l, we have f(x + h) — f(x) —
(Px, k)= 0. On the other hand, since [l x — Px|l < |lx — P(x + h)ll we get

f(x+h)—f(x)— {Px,h)y<{h, P(x +h) — Px)
<|Ihll - I1P(x + k) — Pxll < |hlI2 = o(h).

The proof in [2] that f”(x) is always symmetric utilizes the Fréchet derivative, but
takes place entirely in the finite dimensional subspace generated by x, u and v, hence
applies equally well to the Gateaux derivative of f* = P. The convexity of f can be
verified directly or one can write

2f(x) = IIxlI> —inf{llx — ylI*: y € K} = sup{-2(x, y) + llylI>: y € K}
and recall that a supremum of affine functions is convex. Finally, the second
derivative of a convex function is a positive operator [8].

The next proposition shows that dP(x) and P’(x) are (when they exist) within an
orthogonal projection of being operators in the hyperplane H[x].

2.3 PROPOSITION. If x € H\K let P,: H — H|[x] denote the orthogonal projection of
H onto H[x]. Then

dP(x) o P, = dP(x) = P, o dP(x);

in particular, dP(x) maps H|x] into itself. The same identity is valid for P'(x) when it
exists.
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Proor. The first equality will follow from dP(x)(y — P,y) =0 (y € H). Since
y — P.y € H[x]" = R(x — Px), it suffices to prove that dP(x)(x — Px) = 0. But
this is immediate from the definition of the Gateaux derivative and the fact that
P[x + t(x — Px)] — Px = 0 whenever ¢ > 0. The second equality is a consequence
of the fact that since P, and dP(x) are symmetric, they necessarily commute.

2.4 COROLLARY. If x € H\K and dP(x) (or P’'(x)) exists and maps H onto H[x],
then its restriction to H[x] is invertible.

PrOOF. If dP(x) maps H onto H[x], then (by Proposition 2.3) its restriction to
H{[x] is surjective; we now use the fact that a surjective and symmetric bounded
operator is bijective hence, by the open mapping theorem, invertible.

2.5 PROPOSITION. Suppose that x € H\K. If dP(x) [P’(x)] exists, then dP(y)

[P’(y)] exists for each point y of the form
y=Ax+(1—-A)Px, A>0,

that is, for each point y on the ray from Px through x. If dP(x) is one-one (or
surjective) in H[x], then dP(y) is one-one (or surjective) in H[y] = H[x]. Moreover,
if P is C* in a neighborhood of x, then it is C* in a neighborhood of y.

PRrROOF. Since Py = P(Ax + (1 — A)Px) = Px it is easy to see what form dP(y)
or P’( y) must have; in the latter case, for instance, the chain rule yields

P'(y) o [N +1(1 = A)P'(x)] = P'(x)

hence P'(y) = P'(x) o [Al + (1 — A)P’(x)]”". To see that this formula is, in fact,
correct, we carry out the proof for the Gateaux derivative; the same kind of
argument serves for the Fréchet derivative.

Note first that AI + (1 — A)dP(x) actually is invertible. To show this we use

Propositions 2.1 and 2.2 and the fact that an operator of the form I + T is invertible
whenever T is positive. First, if 0 < A < 1 then we can write

A+ (1 = N)dP(x) = A1+ X711 — A)dP(x)],
while if A > 1, then
A+ (1 —=A)dP(x)=T+(A—1)[I—-dP(x)];
in either case we get essentially the identity operator plus a positive operator. Next,

write A in place of the invertible operator AI + (1 — A)dP(x); we want to show that
foranyv € H

P(y +t) =Py + tdP(x)(A ') + o(1).
This is equivalent (after writing u = 4~ 'v) to
P(y + tAu) = Py + tdP(x)u + o(1).
Now,
y + tAdu=Nx + ) + (1 = A)(Px + tdP(x)u)
and
P(x + tu) = Px + tdP(x)u + o(1),
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SO
y+ tdu=ANx + ) + (1 = AN)P(x + tu) + o(2).

Since P is nonexpansive and satisfies P[A(x + ) + (1 — AMP(x + tw)] =
P(x + tu), this yields P(y + tAu) = P(x + tu) + o(¢) = Py + tdP(x)u + o(t),
which was to be shown.

To prove the next assertion, note that we have shown that dP(y) = dP(x) o A~ .
It follows easily from this that the restriction of dP(y) to the hyperplane H[y] =
H[x] is one-one or onto if and only if dP(x) has the same behavior. Indeed, this is
immediate once it is observed that A(H[x]) C H[x], that is, once we note that
(z, x — Px)= 0 implies (using Proposition 2.3)

(Az,x — Px)=A{z,x — Px)+ (1 = A)(dP(x)z,x — Px)=0.

Suppose, finally, that P is (Fréchet) C* in a neighborhood of x. Consider the
function Fu = (A + (1 — A)P)u; this is C* in a neighborhood of x and since its
derivative F'(x) = Al + (1 — A)P’(x) at x is (as we have shown above) invertible,
by the inverse function theorem there exist open neighborhoods U of x and V of
y = Fx and a C* function G: V - U such that F(Gv) =v for v € V. Since
P(Fu) = Pu for all u € H\ K we have, for v € V, P(v) = P[F(Gv)] = P(Gv); this
shows that P is C* in V.

3. The relationship between smoothness of K and smoothness of P,. Throughout
most of this section we will be working with a closed convex set K that has
nonempty interior, and we will characterize the smoothness of the boundary of K in
terms of differentiability properties of P. The simplest and most useful definition of
“C* boundary” for this purpose is in terms of the Minkowski or (gauge) functional p
for K. Recall that if x, € int K, then the Minkowski functional p for K with respect
to x,, is defined by

p(x) =inf{t >0: x € (K — xo) + xo}, x€EH.

This is a nonnegative convex continuous function which vanishes at x, (and perhaps
elsewhere) and satisfies p[r(x — x4) + x4] = ru(x) whenever x € H, r > 0. (In
particular, p is positive homogeneous if x, = 0.) Of special interest to us is the fact
that the boundary K of K is described by K = {x € H: p(x) = 1}.

DEFINITION. We say that the boundary 0K of K is C¥ (k= 1) if for some
Xo € int K the Minkowski functional p with respect to x, is k times continuously
Fréchet differentiable in some neighborhood of 0K.

It is not difficult to apply the implicit function theorem to show that this
definition is independent of the choice of the point x,. Holmes [4] has shown that it
is equivalent to 3K being (locally) a C* embedding in H of an open subset of a
hyperplane in H; this also shows that the definition is independent of the choice of
xo- In view of these remarks we lose no generality in assuming that 0 € int K and in
working with the Minkowski functional for K with respect to the origin. Henceforth,
we will use . to denote this Minkowski functional.

In discussing the smoothness of the boundary of K (or of a convex continuous
function) it is worthwhile to keep in mind that if a convex continuous function f is
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Fréchet differentiable on some open convex set U, then it is in fact C' in U. If f is
Gateaux differentiable in U, then the differential map x — df(x) is continuous from
the norm to the weak topology. If it is norm to norm continuous, then f is actually
Fréchet differentiable.

We next collect some basic facts about the derivatives of a Minkowski functional.

3.1 PROPOSITION. Suppose that 0 € int K and that p is the Minkowski functional for
K. Then

() If p(x) > 0 and if du(x) exists, then y = u(x) " 'x € 0K, y + du(x) & K and
P(y +dp(x)) = y.

(ii) If x € H\ K and du( Px) exists, then it equals { Px, x — Px) ™ !(x — Px).

(iii) If dp(x) exists and r > 0, then dp(rx) exists and equals dp(x).

(iv) If du exists in a neighborhood of x and if the second derivative d*u exists at x,
then d?u(x)x = 0.

Whenever ' exists it equals du, so the assertions above are valid for the Fréchet
derivative.

PrOOF. Part (iii) follows directly from the positive homogeneity of p and (iv)
follows from (iii). To prove (i), note that u(y) = 1, so y € oK. The vector du(x) is a
subdifferential of p, that is,

(du(x),u — x)y<p(u) —p(x), wu€H,
equivalently,

(du(x),u)y<p(u), u€H, and (du(x),x)=p(x).
In particular

(*) (dp(x),u)y<1, u€K, and (dp(x),y)=1.

Consequently, (du(x), y + du(x))= 1+ [ldp(x)II* > 1, so y + dpu(x) & K. Next,
recall that for any v € H\K, the defining inequality for Pv yields (v — Po,
Pv — u)= 0 for all u in K. Take v =y + dp(x); to see that Pv = y, we must show
that for u € K, we have 0 < (du(x), y — u), and this is immediate from (*).

To prove (ii), we use the fact that du( Px) is the unique element of H satisfying

(du(Px),uy<1 (u€K) and (dp(Px),Px)=1.
On the other hand, the defining inequality shows that (x — Px, Px — u)= 0 for
all ¥ € K and (x — Px, Px) is positive (since 0 € int K'), hence for all u € K,
{(x — Px, Px)~Yx — Px,u)< 1, with equality holding at ¥ = Px. By uniqueness,
dp(Px) = (x — Px, Px)"'(x — Px).

As we will see below, except in some trivial instances Py is never differentiable
(even Gateaux) at a boundary point of K. Our choice of definition of the Gateaux
derivative, of course, requires that the differential be a linear operator; if one is
willing to settle for the existence of a directional derivative in each direction, then
this exists at every boundary point, for an arbitrary closed convex set K. This fact
has been proved (independently) by Zarantonello [10] and Haraux [3] and gener-
alized by Mignot [6]. We will describe this result, use it to characterize Gateaux
smoothness of a convex body, and then prove an analogous characterization of
Fréchet smoothness.
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DEFINITION. If K is a closed convex set and x € K we define the support cone
Sx(x) (or simply S(x)) of K at x to be the closure of the set

N {AMK—x):A=0}.
This is a closed convex cone with vertex at the origin which “supports” K in the
sense that K C x + Sg(x).

Zarantonello [10, p. 300] (see also Haraux [3]) has proved the following lemma. It
has been extended to spaces with nonsymmetric inner product by Mignot [6].

3.2 LEMMA (ZARANTONELLO [10)). For any x € K,
Py(x+th) =x+tPg h+o(t), t>0,h€EH.

Thus, at each point x of K, the map P, has a directional derivative in every
direction h, given by Pg,,h. Since the metric projection Py, will be linear only in
the very special case when S(x) is a linear subspace, it is clear that dP(x) does not
generally exist (in our sense) at points x of K. In particular, if K # H has nonempty
interior and x € 3K, then Si(x) will not be a subspace, so dP(x) will not exist. A
“partial derivative” will sometimes exist, however.

DEFINITION. Suppose x € H and let M be a linear subspace of H. We say that P
has a partial Gateaux [resp. Fréchet] derivative in M at x provided there exists a
bounded linear map L of M into itself (called the partial derivative) such that

P(x+th)=Px+tLh+o(t) (heEM),
resp.
P(x+h)=Px+ Lh+o(h) (hEM).

The next two results show that for K with nonempty interior, the Minkowski
functional for K is Gateaux (resp. Fréchet) differentiable at a boundary point x of K
if and only if the identity operator in T[x] (the hyperplane through the origin
parallel to the support hyperplane to K at x) is the Gateaux (resp. Fréchet) partial

derivative in T[x] of Py at x. The first of these results is rather immediate from
Zarantonello’s lemma.

3.3 PROPOSITION. Suppose that 0 € int K, that p is the Minkowski functional for K
and that x € K. If du(x) [p'(x)] exists, then P has the identity map in T[x] = {h:
{(dpu(x), h)= 0} as its partial Gateaux [ Fréchet] derivative in T[x].

PROOF. If dp(x) exists, then S = Sg(x) is the half-space {h: (h, du(x))=< 0}
bounded by T[x]. The restriction to T[x] of the projection Py is therefore the
identity map on T[x] and Lemma 3.2 gives the desired conclusion. Suppose, next,
that p'(x) exists; then for h € T[x] we have

W(x + 1) = p(x) + (W(x), )+ (k) = 1+ o(h).
Since (p'(x), u)< wu(u) for all u and (p'(x), x)=1, we have 1 = (p/(x), x + h)<
u(x + h) whenever h € T[x]. Also, p(x + h)"'(x + h) € K for h near 0 and
therefore

I(x+h)—P(x+ )l <l(x+h)—p(x+h)""(x+h)l
=u(x+h) " [p(x+h) = 1]llx + Al.
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Since p(x + h)"'llx + A|l is continuous in 4 at & = 0 we conclude that P(x + h) =
x + h + o(h) (h € T[x]), which is precisely what we wanted to prove.

The converse to this result is slightly awkward to formulate; since we want to
conclude that du(x) exists, we do not have it available to define the “tangent space”
T[x].

3.4 PROPOSITION. Suppose that 0 € int K, that p is the Minkowski functional for K
and that x € dK. Let w # 0 be any element of H such that P(x + w) = x and suppose
that the identity map for the hyperplane

H[x+w]={(h€H: (h,w)=0}
is the partial Gateaux [ Fréchet] derivative at x for P in H[x + w). Then p is Gateaux
[ Fréchet] differentiable at x.

PROOF. By the defining inequality for P(x + w) we have

0<sup{{u,w):u€K}=(x,w).

Since P(x + rw) = Px = x for any r > 0 we can assume that this supremum equals
1. From the definition and positive homogeneity of u we conclude that

(*) (u,w)y<p(u) (u€H) and (x,w)=1=p(x).
To prove Gateaux differentiability of p at x it suffices to show that w is the unique
element with these two properties. By hypothesis, for each # € H{x + w] we have
P(x + th) = x + th + o(1).
Suppose that v € H is such that
(u,v)<p(u) (u€H) and (v,x)=1.
Then for any A satisfying (4, w)= 0 and any ¢ > 0 we have
1+ t(h,0)=(x+th,v)<p(x+ th) = p[P(x + th) + o(1)]
<p[P(x + )] + p(o(1)) <1+ p(o(1))
so that
(h,o)<t'u(o(1)) = p(t o(1)).
Thus, (h, v)< 0; the same conclusion applies to -4 so (h, v)= 0 and hence v is a
scalar multiple of w. But {(x, v)= 1= (x,w), so v = w and hence du(x) exists (and
equals w). To prove the assertion concerning Fréchet differentiability we first prove
that, under the stated hypothesis that
P(x+h)=x+h+o(h), heH[x+w],
we have
p(x +h)=1+0(h), heH[x+w]
Indeed, if h € H[x + w], then from (x) it follows that 1 = {(x + h,w)< u(x + h)
so x + h is not in the interior of K and therefore P(x + h) € 9K, that is,
w[P(x + h)] = 1. Since p is continuous and homogeneous there exists M > 0 such
that p(u) < M|lull for all u € H. Thus, if h € H[x + w], then
O0<p(x+h)—1=p(x+h)—p(P(x+h))
<p[x+h—P(x+h)] <Mlx+h—P(x+h)l
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and this last term is o(h). We will use this fact to show that u’(x) exists and equals
w, that is,

px+y)=1+(w,p)+o(y), yeH
First note that we can always write
y=h+{(w,y)x, whereh=y— (w, y)x € H[x + w].
If || y |l is sufficiently small, then 1 + (w, y)= 27", s0 assuming this we have
O<p(x+y)—(w,x+y)=px+h+{w,p)x)—1—(w,y)
=1+ (w, y))[r(x + (1 + (w, y))'0) = 1].

By what we proved above, this is (1 + (w, y))o((1 + (w, y))™'h). Since | (w, y)|<
Hwilllyll and IRl < (1 + llwll - lIxI)Il yll, this last term is o(y) and the proof is
complete.

We have the following simple but useful proposition, which shows that surjectivity

of the derivative of P for a point of x outside of K implies the existence of a partial
derivative of P at Px. We need not assume that K has an interior point.

3.5 PROPOSITION. Suppose that K is closed and convex and that x € H\K. If dP(x)
[P'(x)] exists and maps H[x] onto itself, then for points h in H[x] we have
P(Px + th) = Px + th + o(¢) [P(Px + h) = Px + h + o(h)), that is, the partial
derivative of P in H|x] exists at Px and equals the identity map in H|[x].

PrOOF. We will carry out the proof for the Fréchet derivative; the proof for the
Gateaux derivative is similar. Let 4 denote the restriction of P’(x) to the subspace
H{[x]; by hypothesis, 4 is onto, hence it is invertible. We want to show that for
h € H[x],

P(Px+ h) =Px + P'(x)A"'h + o(h),

which is equivalent, once we write u = A~ 'h and note that o(4~'h) = o(h), to
showing that for u € H[x]

(1) P(Px + Au) = Px + P'(x)u + o(u).
By hypothesis,
) P(x + u) =Px + P'(x)u+ o(u);

since P is nonexpansive, this implies that
P(P(x + u)) = P(Px + P'(x)u) + o(u),
that is
P(x + u) = P(Px + Au) + o(u).
From (2) the left side equals Px + P’(x)u + o(u) which gives us (1) and completes
the proof.

3.6 COROLLARY. Suppose that 0 € int K and that x € H\K. If dP(x) [P'(x)]
exists and maps H[x] onto itself, then du( Px) [p'( Px))] exists and equals

(Px,x — Px) " '(x — Px).
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ProoF. In the hypotheses to Proposition 3.4 we can take the boundary point to be
Px and w = x — Px, so that H[x + w] = H[x]. Proposition 3.5 shows that the
remaining  hypotheses are satisfied and we can therefore conclude that du(Px)
[w'(Px)] exists and is given by w, provided the latter is normalized to have its
supremum on K (which is necessarily attained at Px) equal to 1. Thus, either
derivative has the indicated form.

The example in §5 will show that the converse to this corollary is not valid.

The next result is analogous to Proposition 3.5, getting a weaker conclusion from a
slightly weaker hypothesis.

3.7 PROPOSITION. Suppose that K is closed and convex and that x € H\ K. If dP(x)
exists and is one-one in H[x), then H[x] + Px is the unique hyperplane supporting K
at Px.

Proor. If there existed another support hyperplane to K at Px we could choose
y € H\K such that Py = Px and y — Py &€ R(x — Px). The points of the segment
[x, y] would be mapped onto Px by P so for 0 < ¢ < 1, we would have

P(x +t(y — x)) = Px,

which implies that dP(x)(y — x) = 0. Consequently, if P, denotes the orthogonal
projection of H onto H[x], we would have dP(x)[P(y — x)] = dP(x)(y —x) =0
(by Proposition 2.3). Since dP(x) is assumed to be one-one on H[x], this implies
that P(y — x) = 0. On the other hand, P(y — x) = P(y — Px — (x — Px)) =
P(y — Px) #0; otherwise, y — Px € H[x]* = R(x — Px). This contradiction
completes the proof.

3.8 COROLLARY. If 0 € int K and dP(x) exists and is one-one in H[x] for each
x € H\ K, then the Minkowski functional for K is Gateaux differentiable wherever it is
nonzero.

We next characterize C? (and higher) smoothness of 3K; half of this characteriza-
tion has been proved by Holmes [4].

3.9 THEOREM (HOLMES). If K has a C* boundary (where k = 2), then Py is C*~ ! in
H\ K and P'(x) is invertible in H[x), for each x € H\ K.

(The invertibility assertion does not appear in Holmes’ statement of his theorem,
but it is obvious from the formula he obtains for Pg(x).)

3.10 THEOREM. Suppose that int K # @ and that for some k = 1 the map Py is C*
in H\ K, with P'(x) invertible in H|[x] for each x € H\ K; then the boundary of K is
Ck+ l‘

PrOOF. Without loss of generality we assume 0 € int K and we let p denote the
Minkowski functional for K. Fix a boundary point of K. We can assume that it is of
the form Px where x € H\K and (Px, x — Px)= 1. By Proposition 3.5, the
existence and invertibility of P’(x) imply that p'(Px) exists and is given by
(Px, x — Px)"'(x — Px). Consider the map F: H - H defined by

Fu= (u,x — Px) Pu, uEH.
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It is clear that Fis C* in H\ K and its derivative at ¥ € H\ K is easily calculated to
be
Fu={(I,x—Px)Pu+ (u,x — Px)Pu.

We will verify below that F'x is an invertible operator in H. Suppose that this has
been done; we can then apply the inverse function theorem to obtain open
neighborhoods U of x and V of Fx and a C* function G: ¥ — U such that for
y €V there exists u € U satisfying y = Fu and Gy = u. From the inequalities
0<llx— Pxll>=(x, x — Px)— (Px,x — Px)< (x, x — Px) it follows that 0 <
(u, x — Px) for all u in some neighborhood of x, so there is no loss of generality in
assuming that this holds in U. This implies that F is a positive scalar multiple of P in
U and hence by Proposition 3.1(ii), p'(Pu) = p/(Fu) for u in U. Consequently, if
y € V, so that y = Fu for some u € U, then

w(y) = w(Fu) = w(Pu) = (u— Pu, Pu)”'(u— Pu)
= (Gy — PGy, PGy) ™ '(Gy — PGy).
Since G is C* this implies that p’ is C* hence p is C**' in V. The latter is a
neighborhood of Fx = (x, x — Px)Px so by positive homogeneity of p, it is C**!
in a neighborhood of Px. This being true for each x in H\ K, we get the desired
conclusion.

It remains, of course, to prove that F'x is invertible; we will show that it is
one-one and onto, then apply the open mapping theorem. Suppose, first, that
0= F'(x)h = (h, x — Px)Px + (x, x — Px)P'(x)h. Taking the inner product of
both sides with x — Px yields 0 = (h, x — Px){(Px, x — Px), so (h,x — Px)=0
and hence P’(x)h = 0. Recall (from Proposition 2.3) that P’(x) = P’(x)’o P,, where
P, is the orthogonal projection onto H|[x]. Since (by hypothesis) P’(x) is one-one in
H[x], we conclude that P_h = 0 and hence # = r(x — Px) for some r € R. But then
0= (h,x — Px)=r{x — Px,x — Px), sor = 0 and therefore » = 0, which shows
that F'x is one-one. To show that F'x is onto, suppose that z € H. The orthogonal
decomposition H = H[x] @ R(x — Px) allows us to write

z=Pz+|lx—PxlI72{z, x = Px)(x — Px).
Using the hypothesis that P’x is invertible in H[x], let
h=(x,x—Px) '(Px) 'P[z—(z,x — Px)Px] +z — P,z.
Then from the formula for F'x we have
F'(x)h=(h,x —Px)Px+ (x,x — Px)P'(x)h
=(z,x = Px)Px+ Pz — (z,x — Px) Px]
p = (z,x— Px)(Px — P.Px) + P,z.
Now, Px = P, Px + || x — Px||~%(x — Px) (since { Px, x — Px)= 1) and therefore
F'(x)h=|lx—Px||"*{z,x = Px)(x — Px) + P,z = z,

so F’x is onto and the proof is complete.
One might hope that it is still possible to show the existence of P’ in H\ K (but
not necessarily its invertibility in the appropriate tangent space) without assuming
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that p is C2. The example in §5 destroys this hope in a decisive way: P’x can fail to
exist at each x € H\K even though p is C' with a locally Lipschitzian Fréchet
derivative.

In the opposite direction, even in R? it is possible for P to be C' in H\ K while p
fails to be everywhere Gateaux differentiable; this will be shown in the next section.

Finally, we note that it is possible to prove a “point” version of Holmes’ theorem:
If pis C' and if, for some x € H\ K, the second derivative u’( Px) exists, then P’x
exists (and is invertible in H[x]). Our proof of this result is somewhat lengthy.

4. Metric projections of polar convex bodies. Suppose that K is bounded, closed
and convex and that 0 € int K. Defining, as usual,

K°={yeH:(x,y)<1forallx € K},

we know that K° is also bounded, closed and convex with the origin in its interior;
moreover K% = K. In what follows we will write P and P, for P, and Pyo
respectively; our task is to relate differentiability properties of P, to those of P.

Suppose that x € H\ K; since x — Px (considered as a linear functional) attains
its supremum on K at Px and since 0 € int K, we have

<x — Px, Px>> 0.

Let Ox = (x — Px, Px) ™ '(x — Px); then the supremum of QOx on K equals 1, and
hence Ox € K° and (Qx, Px)= 1. Furthermore, from the definition of K°, Px =
(Ox + Px) — Qx attains its supremum (equal to 1) on K° at Qx, which implies that
Ox + Px € H\K® (since (Px,Qx + Px)=1+ ||Px||>>1= (Px,Qx)) and
Py(Qx + Px) = Qx. If A>0, then Ox + APx lies on the ray from Qx through
Ox + Px, so

(1) P,(Qx + APx) = Ox forallx € H\K,A>0.

We will exploit this relationship to compute the derivative of P, in terms of P. We
first do this for points of a special form; Proposition 2.5 then does it for arbitrary
points.

4.1 PROPOSITION. Suppose that x € H\K, that x = Px + Qx, and that dP(x)
[P’(x)] exists. Then x € H\K° and dPy(x) [ P{(x)] exists.

PROOF. As we showed above, x = Px + Qx € H\ K, moreover, (x — Px, Px)
= (Qx, Px)= 1. We will carry out the details of the proof for dPy(x); it will be
clear that a parallel argument yields the result for Pj(x). It is obvious that if dP(x)
[P’(x)] exists, then so does dQ(x) [Q’(x)]. To see what form the derivative of P,
must have, consider y € H\ K and write A = (y — Py, Py)~'. With y in place of x
and this choice of A > 0 in (1) we obtain the identity

P((y =Py, Py) " 'y) =0y
If both P and P, were Fréchet differentiable, say, then the chain rule would yield

P((y— Py, Py) 'y) o A4(y) = Q'(y)
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where Ay = (y — Py, Py)~'y. At the special point y = Px + Qx = x we have
{x — Px, Px)= 1 so this yields

Pi(x) = @'(x) o A'(x)",
provided 4’(x) is invertible. In fact, if dP(x) exists, then dA(x) is invertible and

) dPy(x) = dQ(x) o dA(x)"".
To see the first assertion, note that
(3) dA(x) =1I— {(I—dP(x))(-), Px)x.

(Here we have used (x — Px, dP(x))= 0 and (x — Px, Px)= 1.) Straightforward
calculations show that dA(x) is one-one and onto, with (bounded) inverse
da(x)"' =1+ (1— (x — dP(x)x, Px))"'((1 - dP(x))(-), Px)x,

provided (x — dP(x)x, Px)# 1. To see that the latter always holds, suppose 1 =
(x — dP(x)x, Px) = (Qx + Px — dP(x)x, Px) = 1 + || Px||> — (dP(x)x, Px).
Since (Proposition 2.3) dP(x)(x — Px) =0, we have (dP(x)Px, Px)= | Px|2.
Since ||dP(x)ll < 1 we have ||dP(x)Px| < || Px|| so it follows that dP(x)Px = Px.
But then 0 = (dP(x)Px, x — Px)= (Px, x — Px)= (Px, Qx)= 1, a striking con-
tradiction which shows that d4(x) is invertible. It remains, then, to prove (2). To this
end, fix v € H; we want

Py(x + 1) — Py(x) = tdQ(x)dA(x) "o + (1),
where o(t)/t > 0 as t > 0. Writing u = dA(x) ™~ 'v this is equivalent to
4) Py(x + tdA(x)u) — Py(x) = tdQ(x)u + o(t).
The derivative dQ(x) is readily computed explicitly; it is given by
dQ(x)u =u— dP(x)u — (u — dP(x)u, Px)(x — Px).
By using x = Px + Qx and writing a for (u — dP(x)u, Px), we can now apply
formula (3) to obtain
x + tdA(x)u = (1 — ta)Px + Qx + t[dP(x) + dQ(x)]u.
On the other hand, P(x + tu) = Px + tdP(x)u + o(t) and Q(x + tu) = Qx +
tdQ(x)u + o(t), so (using the fact that t?adP(x)u is o(t))

x + tdA(x)u= (1 — ta)P(x + tu) + Q(x + tu) + o(2).
Since P, is nonexpansive, this implies that
Py(x + tdA(x)u) = Py[(1 — ta)P(x + tu) + Q(x + tu)] + o(¢)
=Q(x+ tu) + o(t),
by virtue of (1) and the fact that 1 — ra > 0 for all sufficiently small | ¢| . Thus,
Py(x + tdA(x)u) — Py(x) = Q(x + tu) — Q(x) + o(r) = dQ(x)u + o(2),
which proves (4) and completes the proof of the proposition.

4.2 COROLLARY. If dP [ P'] exists in H\ K, then dP,  P{] exists in H\K°. If P is C!
in H\K, then Py is C' in H\K°.
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PROOF. To prove the first assertion, it suffices to show that any point y € H\ K°
lies on a ray of the form {Qx + APx: A >0} for some x € H\K satisfying
x = Px + Qx. Indeed, the last proposition then guarantees that P, is differentiable
at x and, since x = Px + Qx, equation (1) implies that Qx = Pyx and Px = x — Pyx,
so that Ox + APx = Ax + (1 — A)Pyx whenever A > 0 and therefore Proposition
2.5 shows that P, is differentiable at y. Given y € H \ K °, then, we choose suitable x
and A as follows. First, we define Q,, in terms of P, as we did Q:

Qo“'_’(”_Po“’Po“)—l(u—Pou) (u € H\K").

We next let x = Pyy + Q,y. If we reverse the roles of K and K° in our initial
discussion, we see immediately that x € H \ K and that

Px=P(Pyy + Qoy) = Qo)
Moreover, using this identity we obtain (x — Px, Px)= (x — Quy, Qpy)=
(Pyy, Qoy)=1,s0 that Ox = x — Px = x — Q,y = P,y. Finally, we can write (by
definition of Q y)

y=(y— Py, Poy)Qoy + Poy =APx + Qx,
withA = (y — Pyy, P,y)>0.
To prove the second assertion we combine the formulas we have already obtained.
First, Proposition 2.5 shows that when y = Ax + (1 — A)P,x, then

Py(y) = Py(x) o [A+ (1= M) Py(x)] "
Next, the proof of Proposition 4.1 shows that

Pi(x) = Q'(x) o A(x)"",
where Au = (u — Pu, Pu)~'u. It is clear that when P is C', then Q’(x) and A’(x) ™"
are continuous (for x € H \ K). Finally, from what we have just proved, both x and
A are continuous functions of y; by appropriate substitutions we see that Pj(y) is
continuous in y.

This corollary leads to easy examples showing that one cannot deduce much about
the smoothness of a convex body merely from the differentiability of its metric
projection.

4.3 ExaMpLE. There exists a centrally symmetric convex body K° in R? whose
metric projection is C' in R2\ K° but K° does not have a Gateaux differentiable
Minkowski functional.

PROOF. It is easy to construct C2 smooth centrally symmetric convex bodies K in
R? whose boundaries contain straight line segments. The polar K ° of such a set will
have “corners”, hence will not be (Gateaux) smooth. By Holmes’ theorem (Theorem
3.9), the metric projection for K will be C' in R*\ K, hence by Corollary 4.2, the
projection for K° will be C' in R2\ K°,

One can also write down explicit formulas for such examples; for instance, the
graph of the convex function f(x) = x*/? + | x| can be considered to define a
convex body K in R? which clearly fails to be differentiable at 0. A laborious
verification shows that the metric projection of R? onto K is C'.
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5. An example. Throughout most of this section we will work in the separable
Hilbert space L?[0, 1] (Lebesgue measure).

Notation. Let B, = {f€ L% |f|<lae)},B,={f€ L% | fll<1},and B= B,
+ B,.

It is clear that B_ is a bounded closed convex and symmetric set and that (since
B,, say, is weakly compact) the set B is closed, as well as being bounded, symmetric,
and convex, with the origin in its interior.

More notation. Let P, and P denote the metric projections of L? onto B,, and B,
respectively, and let || - || denote the (equivalent) norm on L2 defined by the
Minkowski functional for B. The L' norm on L? is denoted by || - -|I,.

5.1 PROPOSITION. (1) The metric projection P onto B is nowhere Fréchet differ-
entiable, despite the fact that

(2) The norm || - -|| defined by B is Fréchet differentiable at every nonzero point and
its differential map D: L*\ {0} — L? is locally Lipschitzian.

(3) P is Gateaux differentiable at f € L* if and only if {t: | f(t)|= 1} has measure
zero.

The proofs of these three assertions will eventually emerge from a (finite) sequence
of preliminary results.
1. For f € L? we have

ow:{f on {tr€[0,1]:|f(r)|<1},

sgn f elsewhere.

Equivalently, if G: R — R is defined by

G(t) = {

t l[t|=<1,
sgnt, |[t|>1,

then P_f= G o f. Itis clear that P, f € B, for each f € L?; to see that G o fis the
nearest point to f, suppose that g € B, , so that |f| —1 <|f| —|g|<|f— g|. We
then have (letting 4 = {z: | f(¢t)|> 1}, B =[0,1]\ 4)

If=gl3=[1f=gP=[(1-17=[72=2[ |1+ 1

=[r =2 =2+ [+

=[12 =26 f+ [(GofV=1f-GofI2

which was to be proved.

2. The projection P is nowhere Fréchet differentiable. This is a consequence of
Vainberg’s result [9] that a map of the form f > G o f (G continuous) is Fréchet
differentiable at some point if and only if G is affine.

3. The Gateaux derivative dP,( f) exists at f if and only if {r: |f(z)|= 1} has
measure zero.
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This can be deduced from Vainberg’s methods [9] or proved directly; the suf-
ficiency portion uses the fact that for r # =1, the derivative G’(r) exists, has
modulus at most 1 and is continuous. One uses the mean value theorem for G and
dominated convergence to show that dP_(f)h = (G’ o f)h.

The metric projection P can be expressed in terms of P by using the following
general result.

5.2 LEMMA. Let E be a strictly convex space and let K be a weakly compact convex
subset of E. If U denotes the closed unit ball of E, then B = K + U is a closed convex
set and its (set-valued ) metric projection P is given, for x € E\ B, by

P(x) = {y+ﬂ—i~£lﬂ:y€PK(x)}.

PrOOF. The weak compactness of K guarantees that B is weakly closed, hence
closed. Our computations will be aided by the elementary observation that if
x € E\B, then

inf{llx —vll:v €K} =inf{llx —v—ul:vEK,u€ U} + 1.
Suppose, now, that x € ExB and thaty + z (y € K, z € U) is a (typical) element
of Px. Then

lx —yll = 1=inf{llx —y —vl:v € U}

=Zlx—y—zll=lx—yll—1lzll=lx—yl—1.
It follows that |lz|l =1 and [[x —y — zIll + llzIl = [lx — yll; by strict convexity,
this leads to z = |lx — y|l~'(x — y). It remains to show that y € P, x. We have just
shown that ||x — yll = llx —y — z|l + 1, while the observation above shows that

this equals inf{||x — vll: v € K}, hence y € Pgx.
To prove the reverse inclusion, suppose that y € Pyx, we want to show that
y + llx — yllI”'(x — y) € Px. But the observation above shows that

lx =y + lx = yI='(x = ]Il = lx =il = 1
=inf{llx—v—ull:veEK,ue U},
which completes the proof.

4. The metric projection P fails to be Fréchet differentiable at each point of
L*\ B, while it is Gateaux differentiable at f € L\ B if and only if {: |f(1)|= 1}
has measure zero.

PROOF. The previous lemma shows that for f € L*\ B,

Pf=P f+IIf= P fIT'(f— Pof).
Moreover, the proof shows that || f— P_fIl =1+ || f — Pf|l. Now, it is a general
property of metric projections in Hilbert space that the real-valued distance function

f- I f—Pfll
is Fréchet differentiable in L2\ B. (See, for instance, [4].) We can rewrite the
equation given above to obtain, for f € L*\ B,

P f=If—PAI"'[(0 + Il f— PFINPf — 1],
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so if dP(f) [or P’( f)] exists, then so does dP_( f) [or P_( f)]; similarly, existence of
dP_( f) implies the same for dP( f) (using the first formula). The two assertions are
now immediate from parts 2 and 3.

It remains to prove part (2) of Proposition 5.1 concerning the norm || - ||| induced
by B. To this end we compute the dual norm to || - -|ji.

5.1ff € L?, then

sup{| (f, g+ h)|:8 € Bo, hEB} =11l + 11,
and this supremum is attained (for f# 0) at g + & for any g € B such that
g =sgn fon {t: f(t) # 0} and for h = || |7 'f.
Proor. If g € B, and h € B,, then

(g rmi=flg+ fin= i+ (fire) " =1 v

On the other hand, if f # 0, then for the indicated choices of g and 4 it is clear that
the inequalities above become equality.

Since the sum of any two norms is strictly convex whenever one of them is strictly
convex the result above shows that the norm dual to || - -| is strictly convex, hence
Il - - itself is smooth; that is, it is Gateaux differentiable at each nonzero point
u € L*. We need to relate the differential at u to u itself.

6. If jjuy = 1, then the Gateaux differential Du of || - -|| at u is the unique
nonzero element f € L? satisfying: | f1l, + | fIl = 1 and u = u, + || fI”'f, where
u, = sgn fon {t: f(¢) # 0} and | u; |< 1 elsewhere.

PrOOF. The differential Du is the unique element f of L? which has dual norm
equal to 1 and which, as a functional on L2, attains its supremum on B at u; by part
S, this means we can write u in the indicated form.

7.1 il = 1= Niol, then || Du — Doll < 2|lu — oll.

PROOF. Let f = Du, g = Dv and apply part 6 to write u = u, + || fI7'f, v = v,
+ |l gll~'g, where u,, v, have the indicated properties and

e, +nrn=1=lgl, +lgl.

By the usual expansion we have

= o112 = llu, = 0,12+ 2 [ (u, = o)1 /17 = gl ~'g)
HIA I = g~ 'g)I.

The middle term is twice
A1 [ f = 0,f) + Uigh™ [ (018 = wig)

=70 f(1f =0 f) + g™ (18] —uig) >0

since v, f<|f|and u,g <|g|. Thus,
lu—oll = N(LFI7 = gl ')l
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Now, by the triangle inequality
If—glh<UfI-npn=r—ngh='g) +nfi-lglh='g—g)l.

The first summand is dominated by ||lu — vl since || f|l < 1. The second term is
(using the norm constraints on f and g)

HAI =gl = gl + gy — gl fi, + 1|
=A- gy = igh - NI < f g — gl U,

< flig=tghHI=1r0-lglh-Nigh™'g= WA <llu—ol,
which completes the proof of 7.

To complete assertion (2) of the proposition we recall several facts. First, for any
element x # 0 of a Banach space with Gateaux differentiable norm, the differential
D(x) of the norm at x is a functional of norm one and D(rx) = D(x) for any r > 0.
If it is true that there exists M > 0 such that

ID(x) — D(¥)Il < Mlix — yll
whenever || x|l = 1 = || yll, then for arbitrary nonzero x and y we have
ID(x) — D(p)I = 1 D(IxlI"'x) = D(Ily I~ y)ll
< MII>IxI~"x = Iyl =)
Now,
el =% = Ty ="yl = el = (e = el - Tyl )l

<[l ™" [lx =yl + ly = lixll - Tyl =1
= Jlxll " [ltx =yl + 1= lxll - Iyl =" ipl]
< lxl='2llx — yl.

It follows that if D is Lipschitzian on the unit sphere, then it is Lipschitzian in the
complement of any neighborhood of 0, and locally Lipschitzian in E\ {0}. The fact
that the norm || - -|| is Fréchet differentiable in this same set is a consequence of the
general fact referred to in §3, namely that a norm to norm continuous Gateaux
differential of a convex function is, in fact, the Fréchet differential.

We conclude with an example which has been mentioned previously by Mignot [6]
(in the nonseparable case).

ExaMPLE. Let T be a nonempty set and let K be the closed convex positive cone in
[X(T); that is,

K= {x=(x(y)): x(y)=0forally € T}.

(i) For x € [%(T), we have Pg(x) = (x(y)*).

(ii) If T is uncountable, then Py is nowhere Gateaux differentiable.

(iii) If T is countably infinite, then Py is nowhere Fréchet differentiable and is
Gateaux differentiable at x = (x,,) if and only if x,, # 0 for all n.

PRrOOF. Part (i) is easy to verify, and it is also easy to check that if x(y) = 0 for
some v, then the derivative of P in the y-coordinate direction fails to exist. This
proves the only if part of (iii) and all of (ii). If x,, # O for all n, then one checks that
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dP(x) = (sgn x; ). Finally, if x,, # 0 for all n, with (say) x, > 0 for infinitely many
n, let a, = -2x, for such values of n and then verify that

o '[P(x + a,8,) — Px — a,dP(x)8,] »0,

where §, is the nth coordinate vector in /,. This shows that P’(x) does not exist and
completes the proof.
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